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CRITICAL IDEALS OF SIGNED GRAPHS WITH TWIN VERTICES 


CARLOS A. ALFARO, HUGO CORRALES, AND CARLOS E. VALENCIA 


Abstract. This paper studies critical ideals of graphs with twin vertices, which are vertices with 
the same neighbors. A pair of such vertices are called replicated if they are adjacent, and duplicated, 
otherwise. Critical ideals of graphs having twin vertices have good properties and show regular patterns. 
Given a graph G = {V,E) and d € let O'* be the graph obtained from G by duplicating di, 

times or replicating —d„ times the vertex v when d„ > 0 or d„ < 0, respectively. Moreover, given 
Sg {0,1,-Ill'll, let 

7s{G) = : d £ such that d„ = 0 if and only if 5^ = 0 and d„5„ > 0 otherwise} 

be the set of graphs sharing the same pattern of duplication or replication of vertices. More than one 
half of the critical ideals of a graph in Ts (G) can be determined by the critical ideals of G. The algebraic 
co-rank of a graph G is the maximum integer i such that the i-th critical ideal of G is trivial. We show 
that the algebraic co-rank of any graph in Ts{G) is equal to the algebraic co-rank of G^. Moreover, the 
algebraic co-rank can be determined by a simple evaluation of the critical ideals of G. For a large enough 
d G , we show that the critical ideals of G*^ have similar behavior to the critical ideals of the disjoint 

union of G and some set (A'nu }{«6 v(G) | d„<o} of complete graphs and some set (Liu }{«6 v(G) | d„>o} of 
trivial graphs. Additionally, we pose important conjectures on the distribution of the algebraic co-rank 
of the graphs with twins vertices. These conjectures imply that twin-free graphs have a large algebraic 
co-rank, meanwhile a graph having small algebraic co-rank has at least one pair of twin vertices. 


1. Introduction and background 


A signed multidigraph is a pair that consists of a multidigraph G (a digraph possibly with multiple 
arcs) and a function a, called the sign, from the arcs of G into the set {1,-1}. Along the paper, all 
digraphs are allowed to have multiple signed arcs; when digraphs have neither multiple nor signed arcs, 
then we refer them as graphs. Given a set of variables Xq = {xu ■ u G E(G)} indexed by the vertices 
of G and a principal ideal domain (PID) V, the generalized Laplacian matrix L{Ga, Xq) of G^ is the 
matrix whose entries are given by 


L{G^,Xg) uv 


Xu if u = V, 

—a{uv)muvfp otherwise. 


where niuv is the number of arcs leaving u and entering to v, and I'p is the identity of V. Moreover, 
if V[Xg\ is the polynomial ring over V in the variables Xq^ then the critical ideals of G^ are the 
determinantal ideals given by 


liiGfj^Xc) = ({det(m) : m is an i x i submatrix of L(Gct, Ac)}) C P[Ac], 

for all 1 < i < |y(G)|. We say that a critical ideal is trivial when it is equal to (1-p). For simplicity, we 
write Ii{Go-,X) instead of Ii{Ga, Xq)- 
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Definition 1.1. The algebraic co-rank of Go- is the maximum integer i such that Ii{Go,X) is 

trivial. 

Since In{Go,X) = (det(L(GCT, X))) ^ (1), 'j-p^Go) < n—1. The algebraic co-rank of a graph is closely 
related to combinatorial properties of the graph. For instance, if Ho is an induced subgraph of Go, then 
Ii{Ho,X) C Ii{Go,X) for all 1 < i < \V{H)\ (see [9l Proposition 3.3]). Therefore, 'y{Ho) < 'y{Go). 
Also, if a{G) and uj{G) denote the stability number and the clique number of G, respectively, then 

IviG) < 2(n — oj{G)) + 1 and JviG) < 2(n — a{G)), 

see O Theorem 3.13]. 

We now introduce the operations of duplication and replication of vertices. Given a multidigraph G 
and a vertex v G V(G), duplicating the vertex v consists in adding a new vertex to V(G) and making 
it adjacent to each neighbor of v, respecting the multiplicities and signs of arcs. Let d{G, v) denote the 
multidigraph obtained from G after duplicating the vertex v. Similarly, replicating the vertex v consists 
in duplicating v and adding the arcs vv^ and v^v. Let r{G, v) denote the multidigraph obtained from G 
by replicating the vertex v. Two vertices u and v are called twins if they have the same neighborhood. 
In the literature, duplicated vertices are also known as false twins, and replicated vertices are also 
named true twins. Let df{G,v) denote the multidigraph obtained from G by duplicating the vertex v 
a total of k times and similarly for r^{G,v). 

Given d € let G^ be the graph obtained from G by duplicating the vertex v d„ times if d„ > 0, 
and replicating v —d^, times if d^ < 0, for each v € V(G). Note that G = G^. Let denote the 

vertex set {v,v^ ,... created by either duplicating or replicating the vertex v. To simplify the 

notation, the vertex v will be also denoted by v^. The following example illustrates these concepts. 

Example 1.2. Let G 4 be the cycle with four vertices and d = (—1,1,1,!). Thus Gf is the graph with 
eight vertices shown in Figure\^b. 


(a) 

Figure 1. The cycle with four vertices and G^ 

Gritical ideals were defined in [9] as a refinement of the critical group of a graph. We now introduce 
the critical group of a multidigraph. The Laplacian matrix L{Go) of Go is the evaluation of L{Go,X) 
at A = Dg, where Dq is the out-degree vector of G. By considering L{Go) as a linear map L{Go) '■ 
ly —)• the cokernel of L{Go) is the quotient module Z^/ImL(Go-). The torsion part of this module 

is the critical group K{Go) of Go- The critical group has been studied intensively on several contexts 
over the last 30 years, such that: the group of components usKm, the Picard group HE], the Jacobian 
group HE], the sandpile group Hi, chip-firing game ittS], or Laplacian unimodular equivalence 
mm- Recently, the critical ideals have played an important role in understanding and classifying 


V{Cf,d) V{Cf,c) 



(b) 
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the graphs whose critical group has i invariant factors equal to one, see 13112]. In general, the relations 
between the critical group and other parameters of a graph G remain unknown. 

There are few natural constructions of graphs which behave well with respect to the critical group. 
For example, the critical group K{GUH) of a disjoint union GUH oi two graphs G and H is isomorphic 
to K[G)®K[H). Moreover, in [T8| it was proved that if the graphic matroids of G and H are isomorphic, 
then their critical groups are isomorphic. This was proved by studying the operations of splittings or 
mergings of one-vertex cuts and twistings of two-vertex cuts. Other operations on graphs have been 
explored, such as the cone of a graph [T], the line graph [SHU], and the clique-inserted graph [7j. 

The main goal of this article is to give a description of the critical ideals of signed multidigraphs with 
twin vertices. More precisely, given a graph G and 6 G {0,1,—let 

Ts(G} = : d € such that supp(d) = 5}, 


where 


supp(d)„ 


— 1 if dt, < 0, 

< 1 if d^ > 0, 

0 otherwise. 

\ 


We prove that more than one half of the critical ideals of the graphs in Ts{G) are determined by the 
critical ideals of G, see Theorems and 13.81 Moreover, the algebraic co-rank of any graph in Ts{G) 
is equal to the algebraic co-rank of G^ (see Corollary 12.9p , which is less than or equal to the number of 
vertices of G and is determined by a simple evaluation of the critical ideals of G. 


We illustrate these results by presenting a simple example. Consider the path P3 with three vertices. 
Then = 2 and 


Is{P 3 ,X) = (X1X2X3 - xi - X3) = {p). 


Our goal is to describe the critical ideals of the graphs obtained by duplicating or replicating some of 
the vertices of P 3 and in particular we are interested in its algebraic co-rank. For our example we want 
to calculate the algebraic co-rank of the graphs in one of the following families: 


'7(_i,_iq)(P3),7(_iqq)(F3), and 7(_iq,_i)(P3). 

Since any graph in one of these families contains P 3 as an induced subgraph, its algebraic co-rank is 
greater than or equal to two. Theorem 12.71 and Corollary 12.91 imply that the algebraic co-rank of any 
of these graphs is less than or equal to three, the number of vertices of P 3 . Moreover, all the graphs 
in each of the families have the same algebraic co-rank and this can be computed by evaluating its 
third critical ideal. For instance, the algebraic co-rank of any graph in 7(_i^_i^_i)(F3) is equal to three 
because 

Pi-1, -1, -1) = (-1)(-1)(-1) - (-1) - (-1) = -1 + 1 + 1 = 1. 

A similar argument applies to 7(_i^_i^i)(F3) and 7(_i^i^i)(F3). The case of 7(_i^i^_i)(F3) is more in¬ 
teresting. Since p(—1,1,—1) = 3, the algebraic co-rank depends on the base ring V. For instance, if 
V = Tj, then the algebraic co-rank of any graph in 7(_iq^_i)(F3) is two. However, if P is a finite held 
of characteristic different to three, then the algebraic co-rank of any graph in 7(_iq^_i)(F3) is three. 

Obtaining the description of the critical ideals of the graphs in a family 75(G) is a difficult task. 
However, we can obtain information of more than one half of the critical ideals of the graphs in 75(G), 
see Remark 13.51 In Section 13.31 the reader will hnd a description of some of the critical ideals of 
"7(1,1)(H2) computed by using results contained in this article. More precisely, while the vertices are 
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duplicated or replicated several times, the initial critical ideals behave similarly to the critical ideals of 
the disjoint union of complete and trivial graphs. 

These results are important in the study of critical ideals of graphs, in particular, in the understanding 
of the algebraic co-rank of a graph. For instance, in the classification of the graphs with algebraic co¬ 
rank less than or equal to k, these results allow us to get some insights of the minimal fc-forbidden 
graphs, which help in defining the fc-basic signed graphs. It is important to note that there are several 
important families of graphs in Ts{G) for some set G of pairs (G, <5). For instance, the complete 

multipartite graphs are equal to where Ki is the complete graph with i vertices and Ij 

is the vector of size i where all their entries equal to 1. Threshold graphs and quasi-threshold graphs 
can be described in a similar way. Moreover, cographs and distance-hereditary graphs are families of 
graphs with twin vertices. 

The article is structured as follows. In Section [2l we obtain relations between evaluations of the 
critical ideals of a signed multidigraph G and the critical ideals of the graphs obtained by duplicating 
or replicating a number of vertices. Then, we get a partial description of the critical ideals of the graph 
for some d G . As a consequence, we get an upper bound for the algebraic co-rank of graphs 

with twins. To finish this section, we pose conjectures which lead into a wide and interesting outlook 
of the algebraic co-rank of graphs. In Section [3l we give precise descriptions of the critical ideals of the 
k-th duplication and k-th replication of vertex v in terms of the critical ideals of G. Finally we present 
some applications of our results. 


2. An UPPER BOUND FOR THE ALGEBRAIC CO-RANK OF GRAPHS WITH TWINS 

The objective of this section is to study critical ideals of graphs with twin vertices. We begin this 
section by calculating the minors (which are almost always equal to zero) of the union of matrices in 
Lemma [221 By using this lemma, we get a first description for the critical ideals of the graph obtained 
by duplicating or replicating vertices (see Lemma [23] and Theorem 12.7p . Then, we get an upper bound 
for the algebraic co-rank of a graph with twins (see Corollary 12.9p . In fact, this bound is tight since 
the equality holds for the complete graphs (see Example 12.101) . This upper bound can be used in the 
classification of the graphs that have algebraic co-rank less than or equal to an integer k, see [3] and 
[ 2 ]. 

Let P be a commutative ring with identity, and let Mn{V) denote the set of nxn matrices with entries 
on V. Given two vectors a G and b G and two matrices P G and Q G 

such that Pi + qi = P 2 + q 2 , the join J{P, a; Q, b) is the matrix 


P 

a '^1 


P2 


l^h 

Q 


G M, 


pi+<?i 


CP). 


Note that if G KI iL denotes the join of two graphs G and H, then 


L{GMH,X) = J{L{G,X),-1-,L{H,X),-1). 
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Figure 2. The join of two paths. 


Example 2.1. Consider the join of a path P 2 with 2 vertices and a path P 3 with 3 vertices, see Fig. 
Then, 

L{P 2 MP:,,Xp,mp,) = J{L{P 2 ,Xp,),-l-L{P^,Xp,),-l) 


-1 

-1 

Xy2 

-1 

-1 

-1 

-1 

-1 

-1 

-1 

-1 

^Ul 

-1 

0 

-1 

-1 

-1 

^ U2 

-1 

-1 

-1 

0 

-1 



The following lemma describes the determinant of the join J{P, a; Q, b). 

Lemma 2.2. If P E Q E with pi + qi = P 2 + 12, a E , and b E , then 


det(P) • det((5) — det 


P 

1 0 


det 


Q 


if Pi =P2, 


det(J(P, a;Q,b)) 




' 


b 

det 

P 


• det 






Q 


P 




det 

■ det 

a^ 

Q 


1 





0 

V 


if Pi =P2 + 1, 


ifP2 =pi + l, 
otherwise. 


Proof. The proof follows by induction on pi + P 2 - Note that, if P E Mixo{P), then [ P 1 ] = [1]. 
Also, if P E Moxi(P), then [ P 1 ]^ = [1]. □ 


Note that all square submatrices of a join of matrices are, in fact, a join of matrices. Hence, almost 
all minors of the join of matrices are equal to zero. This fact will be useful in obtaining a description 
of the critical ideals of a graph with twin vertices (see Lemmas 12.4112.5113.11 and 13.7|) . 

Given a E P", L E Mn{V) and 1 < j < n, let minorSj(L,a) denote the set 


|det(M) : M E Mj{V) and M 


a 

L' 


for a submatrix a^ 7^ 0 of a and L' of L, resp.j’ . 
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In a similar way, let minorSj(a, L) be the set of determinants of some submatrices of [ L ] of 
size j. Note that minorso(a, L) = minorso(-l>, b) = 0, minorsi(a, L) = {aj}i<j<„, and minorsi(L,b) = 
{bi}i<i<n. Let Mj{L) denote the set of submatrices of L of size j. 


Let G be a signed multidigraph with n >2 vertices and u be a vertex of G. It is not difficult to see 
that 


L{G,X) = 


Xy b 

a^ L{G-v,X) 


= J{xy,a-,L{G -v,X),h) 


for some a, b € The following proposition tell us that the j-th critical ideal of G is generated by 

four types of minors of L{G,X). 


Proposition 2.3. If G is a signed multidigraph with n > 2 vertices and v is a vertex of G, then the 
critical ideal Ij{G,X) of G is equal to 

(minorsj(L(G — v, X)), minorsj(a, L{G — v, X)),mmoisj{L{G — v, X), b), 

• det(M) + det( J(0, a'; M, b')) : J{xy,a'] M,h') & Mj{L{G, X)) with a',h' subvectors of a, h,, resp.}) 
for all 1 < j < n — 1, and equal to {xy ■ det{L{G — v, X)) + det(J(0, a; L{G — v, X), b))) when j = n. 


Proof. The proof is simple and is similar to the one given in [9l Claim 3.12]. □ 

We now give a description of the critical ideals of d{G, v) in terms of the critical ideals of G. Let Y be 
a subset of the variables associated to the vertices of G and a G Through the paper, I{G,X)\y=sl 

will denote the evaluation of I{G,X) at Y = a, and minorsj(a, L, b) will be the set 

{det(M) : M = J(0, a';M, b') G Mj (J(0, a;L,b)) with a',b' ^ 0 subvectors of a, b, respectively} . 

Note that minorsi(a, L{G — v, X), b) = 0. 

Lemma 2.4. Let G be a signed multidigraph with n>2 vertices, v G V{G) and v^ a duplication of v. 
Then 

Ij{d{G,v),X) C (x„x,i,/,(G,X)U„=o), 

for all 1 <j <n. Moreover, Ij{d{G,v), X) is trivial if and only if Ij{G, X)\x.^=o is trivial. 

Proof. The main idea is to give a description of the j-th critical of d{G,v) in terms of some types 
of minors, similar to the one given in Proposition 12.31 and then use this description to prove the 
containment. 

First, it is not difficult to see that Ii{d{G,v), X) = {xy,Xyi,Ii{G,X)\x.^=o). Now, let 1,1' C [n + 1] 
be two sets of size j, and = {1)2} flT and — {1)2} nX'. Without loss of generality, we 

might order the vertices such that Xyi is in the entry (1,1) and Xy is in the entry (2, 2) of L{d{G, v),X). 
Clearly, 

L{d{G, v),X) = J(diag(x^i, Xy),a; L{G — v, X), b), 

where L{G,X) = J{xy,a-,L{G — v,X),h) for some a,b G Let mxx' = det{L{d{G,v), X)[I,I']) G 

Ij{d{G,v),X). 

If ^{1,2} = 2} = {®}) then Lemma f2. 21 implies that for some matrix J{xy,a!', M, b') G Mj{L{G, X)) 

with M G Mj_ilL{G -v,X)), 

= det(J(x^a, a'; M, b')) = Xyo, ■ det(M) + det(J(0, a'; M, b')). 
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And, if |X{i 2}|) 2}l = 1 2}nXj^ 2} = then mx^i' = det(J(0, a'; M, b')) for some J(0, a'; M, b') G 

Mj{L{G, X)). On the other hand, since det(J(x, 1; 1,0)) = det(J(x, 0; 1,1)) = x, 

I {x^i ■ minorSj_i(a,L(G - l^{i.2}l = 2, \^'{i^2} \ = 

^ • minorSj_i(L(G - 'c,X),b)}|^Q if |X{i,2}| = 1, \^'{i,2}\ = 

Finally, since det(J(diag(x^i,x^,), (1,1);0, (1,1))) = —(x^i +Xy), Lemma [22] implies that mx,x' belongs 
to 

Sj{G,v) = {xyXyi ■ det{M) + (x„ + x„i) • det(J(0, a'; M, b')) : J(x„, a'; M, b') G Mj_i(L(G, A)) with a', b'A 0} , 

when ^{1,2} and 2} s-re equal to {1, 2}. By convention Si{G, v) = {xy} and S 2 {G, v) = {x^x^i}. 

Therefore, for 1 < j < n — 1, the j-th critical ideal of d{G,v) has the following expression: 

Ij{d{G,v), X) = {minoicsj{L{G — V, X)), {Xyi • minorsj_i(X(G — x, , 

minorsj(a, L{G — v, A)), {xyi ■ minorsj_i(a, L{G — v, , 

(2.1) minorsj(L(G — X, A), b), {x^i • minorsj_i(L(G — x. A), b)}j^g , 

minorsj(a, L{G — x. A), b), Sj{G, x)). 

Thus, l 2 {d{G,v),X) C (x^,x^i,/2(G') A)|2 :„=o)- Also, in a similar way, In{d{G^v),X) is equal to 
{{Xyi ■ det(L(G - X, A))}j^Q ,det(J(0,a;L(G - x. A), b)), {x^i • minorSn-i(a, L(G - x, A))}|^q , 

{xyi ■ minorSn-i(X(G - x. A), b)}^^^ , S'n(G, x)). 

On the other hand, by Proposition 12.31 we have that /j(G, A)|a;^=o is equal to 

(minorsj(L(G — x. A)), minorsj(a, L{G — x. A)), minorsj(L(G — x. A), b), minorsj(a, L(G — x. A), b)), 

for 1 < j < n - 1, and /„(G, A)|2,„=o = (det(L(G, A)|a;„=o)) = (det(J(0, a; L(G - x, Ag-,;), b))). By 
using the previous equalities, we get that 

Ij{d{G,v),X) C {xy,Xyi,Ij{G,X)\^^=o) 

for 1 < j < n. Therefore Ij{d{G,v), X) is trivial if and only if Ij{G, X)\x^=o is trivial. □ 

Now, we give a description of the critical ideals of the replication of a vertex of a signed multidigraph. 
Lemma 2.5. Let G be a signed multidigraph with n>2 vertices and v be a vertex of G. Then 

Ij{r{G,v),X) C {xy + l,x„i + l,/j(G, A)|,e„=_i), 
for all I < j <n. Moreover, Ij{r{G,v), X) is trivial if and only if Ij{G, X)\x„=-i is trivial. 

Proof. We will give an analogous proof to the one of Lemma[23| We need to make a signihcant difference 
in the identity det( J(—1, a; M, b)) = —det(M) + det( J(0, a; M, b)). Firstly, for all 1 < j < n — 1, the 
j-th critical ideal of the graph obtained by replicating vertex x in G has the following expression: 

Ij{r{G, x). A) = (minorsj(L(G — x). A), {(x^i + 1) ■ minorsj_i(L(G — x, A))}j^Q , 

minorsj(a, L(G — x. A)), {{Xyi + 1) • minorsj_i(a, L{G — x, A))}j^Q , 

minorsj(L(G — x. A), b), {{xyi + 1) • minorsj_i(L(G — x. A), b)}j^Q , 

Rj{G,v),Sj{G,v)), 


( 2 . 2 ) 
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where Rj{G,v) = {det(J(— 1, a'; M, b')) = — det(M) + det( J(0, a'; M, b')) : J(x^, a'; M, b') € Mj{L{G,X))} 
and i;) = {(x^,+l)(x^i+l)-det(M) + ((a:^+l) + (x^i + l))-det(J(—1, a'; M, b')) : a'; M, b') G 

Mj-i(L{G, X))}. Besides, the n-th critical ideal of r{G,v) has the following expression: 

In{r{G, v),X) = {{{x^i + 1) • det(L(G - v, ^))}-=0 > det( J(-1, a; L{G -v,X), b)), 

{(x^i + 1) • minors„_i(a, L(G - , 

{{x^i + 1) • minorSn-i(-L(G - n, X), b)}^^^ , 5n(G, f)). 

On the other hand, by Proposition 12.31 we have that Ij{G, X)\x^=-i is equal to 

(minorsj(-L(G — v, X)), minorsj(a, L{G — v, X)), minors j{L{G — v, X), b), Rj {G, v)), 

for all 1 < j < n - 1, and 4(G, X)| 2 ,„=_i = (det(L(G, X))| 2 ,„=_i) = (det(J(-l, a; L(G - n,X),b))). 
Therefore, 

Ij{r{G,v),X) C {xv + l,Xyi + l,Ij{G,X)\^^=-i) 

for all 1 < j < n. Finally, it is clear that Ij{r{G,v), X) is trivial if and only if Ij{G, X)x^=-i is 
trivial. □ 


The next example shows a signed multidigraph satisfying the equality in the inclusions given in 
Lemmas 12.41 and 12.51 

Example 2.6. Let G be the cycle with five vertices, where the arcs V 2 V 1 and viv^ have negative signs, 
see Figure 0 


Vl 



Figure 3. A signed multidigraph G with hve vertices and its generalized Laplacian matrix. 

R can be check that the algebraic co-rank of the graph G is equal to 3 , when F = Z. Since l4{G,X) 
is given by {xiX2 + X4 + 1,X2X3 - X5 - 1,X3X4 + xi - 1,X4X5 - X2 - 1,3:1X5 + X3 + 1), /4(G,X)|a;^=o = 
(X3 + 1, X4 + 1, X3X4 - 1, X2X3 - X5 - 1, X4X5 - X2 - 1) = (X3 + 1, X4 + 1, X2 + X5 + 1) and 

/4(G,X)|2,i=_i = (-X5 + X3 + 1 ,-X2 + X4 + 1,X4X5 - X2 - 1,X3X4 - 2,X2X3 - X5 - 1 ) 

= (X3 - X5 + 1 , X2 - X4 - 1 , X4X5 - X4 - 2). 

On the other hand, the A-th critical ideal l 4 {d{G, ui), X) is equal to (xi, Xii, X3 + 1 , X4 + 1 , X2 + X5 + 1 ), 
and the A-th critical ideal l 4 {r{G,vi),X) is equal to 

(Xl + 1 , Xil + 1 , X3 - X5 + 1 , X2 - X4 - 1 , X4X5 - X4 - 2). 

Successive applications of Lemmas 12.41 and 12.51 lead to the following result: 
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Theorem 2.7. Let G be a signed multidigraph with n >2 vertices, d G Z”, and 

0 ifdy> 0 , 


4>{d)y = < 


-1 

Xq] 


if < 0, 
if d^, = 0. 


Then the j-th critical ideal Ij{G^,X) is included in the ideal 

: d,, > l},{{x^i + ^ -'^}Jj{G,X)\x= 4 ,(d)}) for all l<j<n. 

Moreover, Ij{G'^,X) is trivial if and only if Ij{G,X)\x=^[d) *■5 trivial. 


This theorem shows that the algebraic co-rank of G'^ is determined by an evaluation of the critical 
ideals of G. It is well known [9] that the evaluation of the critical ideals of G determines the critical 
group of G. These facts open the question about the meaning of another evaluations of the critical 
ideals of a graph. 

Next example illustrates Lemma 12.41 Lemma 12.51 and Theorem 12.71 
Example 2.8. Let G he the graph given by Figure\^ 



Figure 4. A graph G with eight vertices and its generalized Laplacian matrix. 

Using a computer algebra system, we can see that 7z(G) = 3 and their non-trivial critical ideals are 
the following: 

/4(G, A) = {a;3,a;4,a;ia;2 -I- 1, {xi - 1 )xq - 2, (x2 - l)a;5 - 2,xiX5 + x^ + 2 xi,X2Xq + Xq + 2x2,x^Xq + Xq + x^ + 2), 

h{G,X) = {x 2 XaX^{x^ + 1) — X 4 Xe,X 2 X 3 X 4 + X 2 X 3 XG -I- X 2 X 4 Xe + 2 X 2 X 3 + 2 X 2 X 4 + X 3 X 3 -I- X 4 XQ, 

X 1 X 3 X 4 -I- X 1 X 3 X 3 -I- X 1 X 4 X 5 + 2 X 1 X 3 + 2 X 1 X 4 + X 3 X 5 + X 4 X 5 ,XiX 4 X 3 {X 5 -|- 1) — X 4 X 3 , 

XiX4{x2Xe -I- a;2 -I- xq) - X4, xiX3(a;2a:6 + X2L xq) - X3, {xs + X4){x5Xe -I- 0:5 -I- a;6 -I- 2 ) -|- X3X4, 
xiX2{xe + X5) + x^xeixi + X2) + 2{xiX2 -t xixe + X2X5) — X5 — xq — 2 ), 
h{G,X) = {det(L(G,A))). 

From these equalities and applying Theorem \2.'T[ we can easily obtain that the critical ideals l 4 {d{G, Vi),X) 
and l 4 {r{G,Vj), X) are trivial for all i G {1,2} and j G {3,4}. Furthermore, the ideals X), 

h{G^^-^^,X), h{G^^-^^,X), l 4 {G^^-^\X), h{G^^-^<^,X), /4(G®e-®5,X) are also trivial. On the 
other hand. 


h{d{G,Ve,),X) = (x6,X6l,/4(G',X)|2,g=o) = (X6,X61,2,X3,X4,X5,X1X2 + 1) 
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h{d{G,VG),X) = {x3XG,X5XGl,X4XG,X4XGl,X3X5,XiX5,XG{xiX2 + 1 ),Xgi{xiX 2 + l),Xe{x2X5 - X 5 - 2), 

X6l(x2X5 - X5 - 2 ),X 6 (xiX 5 + X5 + 2 xi), Xgl (X1X5 + X5 + 2 xi), XeXgl (xi - 1 ) - 2 (x 6 + Xgl), 
X6Xel(x2 + 1) + 2 X 2 (x 6 + XeO, (xeXgl + Xg + Xgl)(x5 + 1) + (xg + Xgl),X3X4 + 2X3 + 2X4, 
X 3 ixiX 2 - 1 ), X 4 (xiX 2 - 1 ), X1X2X5 + 2 xiX 2 + 2X2X5 - X5 - 2 ) 

C (x 6 ,Xgi,/ 5 (G,XG)U 6 =o), and 

= (2(x5l+l),2(x5 + l),X5X5l-l,Xg + X6l,X6(xi-l),X6(x2 + l),Xg(x5 + l), 

Xg(x5l + 1 ), X3, X4, XiX2-2x2- 1 ) 
c (xg + 1 , X 5 I -|- 1 , Xg , Xgl , /g (G, I jj-g—g 2 ; 5=_1 j-) ■ 

Note that l 3 {G^X)\^xsi=o,x 5 =-i} = {x 3 -,X 4 ,,xiX 2 — 2 x 2 — 1 ); and xgXgi — 1 = (xg + l)(x 5 i + 1 ) — (xg + 

1) “ ( 3^51 + !)• 


As a consequence of Theorem 12.71 we get the following bound for the algebraic co-rank of a signed 
multidigraph with twins. 


Corollary 2.9. If G is a signed multidigraph with n vertices, then 7 -p(G‘^) = ^^(G'supp{d)) < ^ ^ii 
d G Z”, where 


supp(d)^ 


/ 

-1 
< 1 
0 

\ 


i/d„ < 0 , 
i/d„ > 0 , 
otherwise. 


Proof. Let d € Z”, 6 = supp(d), and 7 = jp{G^). That is, Iy{G^,X) = {Ip) and I.y+i{G^, X) 7 ^ (Ip). 
Since G^ is an induced subdigraph of G'^, by [9l Proposition 3.3] jp{G'^) > 7 . Now, we need to prove 
that 7 p(G‘^) < 7 , that is, we need to prove that 

Since Iy+i{G^, X) is non-trivial and = '^(d), applying Theorem 12.71 to G and 6, 

I.y+i{G,X)\x=,f){S) = I'r+i{G,X)\x=(j,{d) / (Ip)- 
Therefore, applying Theorem 12.71 to G and d we get that I^+iiG^,X)^{lp). 

Finally, since In+l{G,X) = {0), 

In-\-i {G , X) C ({x^ ,..., Xydv . d.y ^ 1}, {x^j 1,. .. , X.J,—d,j 1 . d^ ^ 1}) 7 ^ (1) 

and we get that 'yp{G^) < n for all d G Z"’. □ 


Corollary 12.91 tell us that if we begin with a given graph G, then after several duplications (or 
replications) of a vertex of G its algebraic co-rank can be increased. However, in certain point its 
algebraic co-rank stabilizes. 

Next example shows that the upper bound given in Corollarv l2.9l is tight. Moreover, if det(L(G, X))\x=(i)( 5 ) G 
Z \ 0, then 7 z(G'^) = |H(G)|. Therefore for any graph G, there exists S G {!,—such that 
7 z(G^) = |P(G)|. 

Example 2.10. Let he the complete graph with n > 2 vertices. By [9l Theorem 3.15], we have that 
'yv{Kn) = 1 and In{Kn,X) = {P), where 

n n 

p=Ylixj + 1 ) - + 1 )- 

j=l i=l j^i 
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Since the evaluation of P at {xi = 0, • • • ,Xn-i = 0, = —1} is equal to — 

Corollary \2.fA 7 -p(-fC^) = n for any d € Z"" such that dj > 1 for all 1 < i < n 
the other hand, by [9l Theorem 3.16] 


1, by Theorem 2. 

— 1 and dn < — 1. 


and 

On 


In-l{Kn,X) 



Z C [n] and jXj = n — 


Since In-i{Kn, = (1), by Theorem 12. 7| and Corollary 12.91 = n — 1 for any 

d G Z” such that dj > 1 for all 1 < i < n — 1. Note that the graph for some d G Z” such that 
di > 1 if and only if 1 < i < j for some l<j<n — 2is equal to the graph with d' G 72'^^ such 

that dj = d' for all 1 < i < j and d'-^^ < — 1. 


Corollary 12.91 might be used to construct families of graphs with a fixed algebraic co-rank. For 
instance, given a graph G and <5 G {0,1, —let 

Ts{G) = : d G Zl^l such that supp(d) = (5}. 

Then Corollary 12.91 savs that the algebraic co-rank of any graph in 75 (G) is equal to A: = 77 >(G^). 
That is, 75 (G) is an infinite set of graphs, all of them with algebraic co-rank equal to k. Moreover, 
these families of graphs are very useful to classify graphs with algebraic co-rank less or equal to a fixed 
integer. For instance, in [3l Theorem 4.2] it was proved that a simple connected graph has algebraic 
co-rank less than or equal to 2 if and only if it is an induced subgraph of a graph in one of the two 
families of graphs, 7 ( 177 )(iFa) ”^-i,i,-i)(-P 3 )) where K 3 is the complete graph with three vertices 
and P 3 is the path with three vertices. 

On the other hand, one crucial step in the classification of the graphs with algebraic co-rank less 
than or equal to 2 was the use of the concept of a minimal /s-forbidden graph, which is a graph with 
algebraic co-rank greater than or equal to A: -|- 1 and it is minimal under induced subgraphs. In light 
of the Corollary 12.91 we have that a minimal A:-forbidden graph does not have more than three vertices 
which are twins each other. Moreover, we conjecture that only a finite number of minimal A:-forbidden 
graphs and a finite set Q of pairs (G, 6 ) of graphs and {0,1, —l}-vectors exist, such that any graph with 
algebraic co-rank less than or equal to k is an induced subgraph of a graph in ,5)65 7^(G). 
is, graphs with twins play an important role on these classification problems. This opens the question 
on the distribution of the algebraic co-rank of graphs with twins. In |10] . a formula for the algebraic 
co-rank of a tree in terms of its 2-matching number was given. Moreover, it can be proved the following. 

Proposition 2.11. IfT is a twin-free simple tree, then'^'p{T) > 


Proof. It follows by induction on the number of vertices of T. The smallest twin-free graph is the 
path with four vertices, which has algebraic co-rank equal to three, and the rest follows by using that 
IviZ) > 'y'p{T — e) for any edge e of T, see |10l Lemma 2.4 and Theorem 3.8]. □ 


This result and an intensive computational search of graphs with less than or equal to nine vertices 
lead to the following conjecture. 

Conjecture 2.12. If G is twin-free, then 77 >(G) > [^J. 

Note that this lower bound for the algebraic co-rank would be tight because the graph with seven 
vertices given in Figure [5] is twin-free and has algebraic co-rank equal to three. 
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1’5 



Figure 5. A simple graph with seven vertices and algebraic co-rank equal to three. 


This conjecture is equivalent to the following: if 7 p(G) < then G have at least a pair of twin 
vertices. Therefore, if Conjecture 12.121 is true, then graphs with a low algebraic co-rank have twins and 
twin-free graphs have an higher algebraic co-rank. 

Given A: > 1, let 

r<fc = {G : G is a simple connected graph with 7 (G) < k}. 

Then r<i = where Tg*{G) denotes the set of induced subgraphs of one graph in Ts{G). As 

we mentioned before, in [3] it was proved that 

and in [2] it was given a similar result about To. In general given a fixed constant k, we expect that 
rhas a similar classification. Next conjecture goes in this sense. 

Conjecture 2.13. If k > 1, then 

r<fc= U '^siG) 

iG,5)€g 

for some finite set Q of pairs (G, 6) with G being a simple graph and 6 € {0,1, — 

A weak version of Conjecture 12.131 is given by the next conjecture, which says that an infinite family 
of graphs {Gj}^^ with a bounded algebraic co-rank, and such that G* is a proper induced subgraph of 
Gj for all i < j, is essentiality a set of the form Ts{G). 

Conjecture 2.14. IfQ = {Gi}f^i is an infinite family of simple graphs such thatGi is a proper induced 
subgraph of Gj for all i < j, then either 

max{7p(Gi)}“i = cx) 

or a graph G, a vector S G {0,1, — 1 }'^('^) and an integer M G N such that Gi G Ts{G) for all i > M 
exist. 

There are families of graphs with unbounded algebraic co-rank. For instance, if where 

Pi is the path with i vertices, then 'y-p{Pi) = i — 1 and therefore max{ 7 -p(Pj)}^^ = 00 . 

Now, we prove that Conjecture 12.121 implies Conjectures 12.131 and 12.141 

Theorem 2.15. Conjecture \2.1S\ implies Conjecture 12. 14\ 

Proof. Let Q = {Gj}“^ be as in Conjecture 12.141 with 7 = max{ 7 ;p(Gj)}^]^ < 00 . 
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Our strategy is to give a lower bound for the algebraic co-rank of a graph. The modular decomposition 
of a connected graph is obtained from a prime graph, that is, a twin-free graph, K 2 or Ki, by blowing- 
up each vertex with a cograph. In this way. Conjecture 12.121 will allow us to reduce Conjecture 12.141 
to the case of a cograph. Before that, let us explain this assertion and recall the definition of modular 
decomposition of a graph and the concept of cograph and its cotree. Given a graph G, a module of G 
is a subset U of their vertices, such that 

Ng\u{u) = Ng\u{v) for all u,v eU, 

where Ng{u) is the open neighborhood of u in G, that is the set of neighborhoods of the vertex u in 
G. For instance, the set of true (or false) twins of a given vertex is a module. Note that one module 
can be a subset of another module. Also note that the entire set of vertices of G and any single vertex 
of G is a module of G, which are called trivial modules. The modular decomposition of a graph G 
consists in decomposing the vertex set V{G) in their modules. That is, the modular decomposition is a 
recursive and hierarchical decomposition of the graph, not only a partition of their vertices. For simple 
graphs, this decomposition is unique. A graph is called prime if all their modules are trivial. Note that 
a graph different from K 2 or Ki U Ki is prime if and only if it is a twin-free graph. This hierarchical 
decomposition can be encoded into a tree where the root corresponds to the maximal induced prime 
subgraph and leaves the vertices of G and the other internal vertices labeled with join (KI) or disjoin 
union (u) operations (similar to replications and duplications to modules). See Example 12.161 

Example 2.16. The graph in Figure IE has four nontrivial modules {vi,v^,v^}, and 

{u 4 ,U 8 }. The induced subgraphs of these modules are cographs. Its maximal induced prime subgraph is 
the path with four vertices P 4 = U 1 U 2 U 3 U 4 . 



Figure 6. A modular decomposition of a graph where each of the ellipses correspond 
to an non-trivial module and its associated tree. 


Now, let us introduce the concept of cograph. There exist several alternative definitions of a cograph; 
one of them says that a cograph is a simple graph without the path P 4 with four vertices as an induced 
subgraph. Another characterization of a cograph says that a cograph is a graph in which every nontrivial 
induced subgraph has at least a pair of twins. That is, the graph corresponding to the root in the tree 
associated to the modular decomposition of a cograph is equal to Ki. Note that the non-trivial module 
of a graph induces a cograph. Moreover, the modular decomposition of a graph decomposes it as a 
twin-free graph and a blow-up (replace a vertex v with a graph H such that N{u) C V{G) = Ng{v) for 
all u G H) of each of their vertices with a cograph, see Figure [6j The reader may consult [12] and the 
references contained there for more details about cographs and its cotrees. 
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Now, we will first use Conjecture 12.121 to reduce Conjecture 12.141 to the case of a cograph. Let 

T = {G I G is a twin-free induced subgraph of Gj for some Gj G 

be the set of all twin-free graphs that are induced subgraphs of some Gj G Q. Since the trivial graph 
with one vertex is twin-free, T is non-empty. Moreover, Conjecture 12.121 implies that any graph in T 
has at most 27 -|- 1 vertices and thus T is finite. Let G be maximal (under the partial order given by 
induced subgraphs) graph in T and M be the first natural number such that G is an induced subgraph 
of Gm- For any v G V{G), let 

lI = {u\u € V{Gj) and such that Ng{v) = Ncjiu) n (C(G) — u)}. 

Clearly, v £ Li for all u G IL(G) and j > M. Since G is maximal, for any u £ Gj — G the subgraph of 
Gj induced by V (G) U u is not twin-free. Also, since G is twin-free, Li n Li = 0 for all u ^ v £ V (G) 
and for all j. That is, any u £ Gj — G belongs to Li for some v £ V{G) and thus lJi;ev(G) ~ 

Note that the Li are the maximal modules of Gj and G is the maximal prime subgraph of Gj. 

All the vertices in Li play the same role of v in the sense that if rt G Li, then the induced subgraph 
by (1^(G) — u) U u in Gj is G. Moreover, for any v £ 1^(G) and j > M, the subgraph Gj[Li] of Gj 
induced by Li is a cograph. Otherwise, Gj [Li] would contain as an induced subgraph and therefore 
the subgraph of Gj induced by the union of vertices of G — u and the vertices of P 4 would be a twin-free 
graph; a contradiction to the maximality of G (any vertex in P 4 play the same role of v). Note that 
this gives us the modular decomposition of Gj as a twin-free graph with the blow-up (with a cograph) 
in each of their vertices. 

Until now, using Conjecture 12.121 we have proved that the maximal twin-free subgraph (or maximal 
prime subgraph) of the Gj's stabilizes at some point. Therefore we need to prove that their maximal 
modules also must be stabilized (in the sense that there exists a graph H, 5 £ {0,1, and M G N 

such that Gi[L^] G Ts{L[) for all i > M) at some point. Since the modules are cographs, without loss 
of generality we may assume that G = (taking G = {Gi[L*]}“^) consists of cographs. Given a 

cograph, its cotree is the tree obtained through its modular decomposition. We will use this cotree to 
bound the algebraic co-rank of its cograph. Let G be a cograph and T be its cotree. Let T be the tree 
obtained by erasing the leaves of T, and T' be the tree obtained by erasing the twins of T. Note that 
every twin of T is a leaf, but not every leaf has a twin. For instance, in Figure [3 ( 6 ) the vertex U 3 is a 
leaf with no twins. Note that, 

G = (H)^ for some d G 

where H is the cograph with cotree equal to T', see Figure [3(c) and (d). Moreover, twin vertices in T 
correspond to twin vertices in G. The next example illustrate this situation. 

Example 2.17. Figure^ contains a cograph G, its cotrcc T, the cotree T' obtained by erasing its twins 
and its corresponding graph H. Clearly G = . 

Now, we give a lower bound for the algebraic co-rank of a connected cograph G in function of the 
height of its cotree T and the out-degree of the vertices of T. Before we do that, we give a lower bound 
for the algebraic co-rank of a special class of cographs: the threshold graphs. Let Thi be the trivial 
graph with only one vertex (denoted by ui) and 



V2k ^ Th2k-1 

V2k+1 LI Th2k 


if n = 2k, 
if n = 2A: -t- 1 
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Figure 7. A cograph C, its cotree T, a cotree T' obtained from T and the cograph 
associated to T'. 


where Kl means the join of graphs and U means the disjoint union of graphs. Since 


L{Th 2 k,X) [{ 2 ,4,... , 2 k}, {I,3,..., 2 k- 1 }] 


■ -1 0 ••• 0 ■ 

- 1-10 : 

: ■••0 
-1 ... -1 


7 -p(T/i 2 fc) > k. Note that any connected threshold graph different from the trivial graph belongs to 
one of the families of graphs T(^i-i^...^i^-i){Th 2 k) for all k > 1. In a similar way, it can be proved that 

lvm=iTh2ki) >1-1 + ELi ki- 

Now, let r be the root of T, u be one of their leaves, and consider the path Pu{T) from u to r. Note 
that if C is connected, then the root of T is labeled with a join operation. If Pu{T) has length n (the 
number of edges), then C contains the threshold graph Thn+i as an induced subgraph when n is odd 
and Thn when n is even. For instance, consider the cograph given in Figure [71(a) and its cotree given 
in Figure [71 ( 6 ). If we choose the vertex V 4 , then the length of Py^{T) is three, and the graph induced by 
V 4 ,V 5 ,vq,vi is equal to r/ 14 . In a similar way, if we choose vi, then the length of Py^{T) is two, and it 
can be check that the graph induced by ui, U 3 is equal to Th 2 - Now, if T has height h, then C contains 
Thh as an induced subgraph. Since 7 t>(C') > > [|j and 7 p(Gj) = 7 < 00 , the height of T is 

less or equal to 27 + 1 . 

Now, we give a lower bound for the algebraic co-rank of a connected cograph C in terms of the 
out-degree of the vertices of its associated tree T, (the obtained from its cotree by erasing its leaves). 
Let n be a vertex of T. If u is a leaf of T, then its out-degree is zero. Assume that u is not a leaf of 
T. If u is labeled with a disjoint union operation, then C contains a disjoint union of the subgraphs 
associated to the out-neighborhoods of u. Since 

( n \ n 

i=l J i=l 

and the unique graph with algebraic co-rank equal to zero is the trivial graph, the algebraic co-rank of 
C is at least the out-degree of u. If u is labeled with a join operation, then C contains the join of the 
subgraphs associated to the out-neighborhoods of u. On the other hand, if is a set of graphs. 
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each one different to a complete graph, then contains and therefore by Example 12.101 

= 1 - 1 . 

Thus the algebraic co-rank of C is at least the out-degree of u minus one. Since 'yp{Gj) = 7 < oo, the 
out-degree of the vertices of T is less or equal to 7 -|- 1. Therefore the height and the out-degree of all 
the vertices non adjacent to a leaf of T are bounded. 

Since Gi is a proper induced subgraph of Gj for all i < j and any induced subgraph of a cograph G 
corresponds to a subcotree of the cotree T of C (the subcotree of T induced by the leaves that correspond 
to the vertices in the induced subgraph and rooted by the common ancestor of these leaves), there exists 
a cograph G^ and M' > M such that 

Gj[Ll] = G^ for some d E {0,1, —for all j > M' 
and therefore we get the statement given in Conjecture 12.141 □ 


Note that any lower bound for the algebraic co-rank of a graph in terms of its number of vertices 
in the case of twin-free graphs and in terms of the structure of its cotree in case of cographs implies 
Conjectures 12.131 and 12.141 A key fact in the proof of Theorem 12.151 is to give a lower bound for 
the algebraic co-rank of a cograph in terms of its cotree. The lower bound presented in the proof of 
Theorem 12.151 is very loose, however we conjecture the following; 

Conjecture 2.18. If G is a cograph, then 

IviC) > \E{T)\ — {internal vertices of T labeled with the join or join operatation}, 

where T is the tree obtained from the cotree of G by erasing their leaves. 

As a consequence of the lower bound for the algebraic co-rank of a cograph given in the proof of 
Theorem 12.151 we have the following result: 

Corollary 2.19. If k is a positive integer, then 

C<k = {G \ G is a cograph in r<fc} = U V(G) 

{G,5)ag 

for some finite set Q of pairs {G, 6) with 6 E {0,1, — 

Proof. Let C be a cograph with algebraic co-rank less than or equal to k, T be its cotree, T' be the tree 
obtained from T by erasing their twin vertices, and H be the cograph with cotree equal to T'. Clearly 
G = for some d E . From the proof of Theorem 12.151 we have that the height of T, which is 

also the height of T', is upper bounded and the out-degree of the vertices of T' is also upper bounded. 
Therefore, there exists a finite number of trees that can be the T' of C and therefore it turns out the 
result. □ 

Theorem 2.20. Conjecture \2.1^ implies Conjecture 


Proof. Let G be a graph with algebraic co-rank less than or equal to k. Using the modular decomposition 
of G we have that G can be decompose in a twin-free (its maximal prime) graph with a blow-up of a 
cograph in each of their vertices. By Conjecture 12.121 we have that the size of its maximal twin-free is 
bounded (therefore only a finite number of possible maximal twin-free subgraphs for G exist) and by 
Corollary 12.191 only a finite number of cographs H exist, such that the cograph used in the blow-up 


























CRITICAL IDEALS OF SIGNED GRAPHS WITH TWIN VERTICES 


17 


of each vertex is of the form for some d G . Putting together these two facts we get the 

result. □ 

Finally, we pose a variant of Conjecture I2.121 which we believe is stronger. 

Conjecture 2.21. If 'y-p{G — v) = 'j-piG) for all v G V{G), then G has at least a pair of twin vertices. 

3. Critical ideals of graphs with twin vertices 

In this section we give a deep description of some of the critical ideals of a graph G obtained by 
duplicating or replicating several times one of their vertices in terms of some of the critical ideals of G. 
In Section [2] we saw that the algebraic co-rank of the graphs {d^{G,v)}k>o and {r^{G,v)}k>o quickly 
stabilizes. We will show that their critical ideals regularize, but a little bit slower. More precisely, if 
Id = l'p{d{G.,v)) and A G {0,1} is a constant that depends on G and u, then Theorem 13.41 gives a 
description of 

in terms of the critical ideals of G. Also, Theorem 13.81 gives a similar description of the critical ideals 
of I..y^+fc(r^+^+*(G,u), A), where = 7 p(r(G,u)). 

3.1. The critical ideals of the duplication of vertices. We begin by giving a description of the 
critical ideals of d^{G,v) in terms of the critical ideals of G and some of the minors of G — v. This 
description generalizes the description of the critical ideals of d{G, v) given in Equation 12.11 

Before doing this, we need to introduce some notation. Given a subset S of natural numbers, 
denote the set of all subsets of S of cardinality equal to 1. Moreover, if u is a vertex of a signed 
multidigraph, let 

Pfiv) = I n ^ ^ (f) I ’ 

that is, Pi^{v) is the set of the products of I of the variables associated to the duplication of one vertex 
of G. By convention we take Pq{v) = {1}. And for simplicity, Pi{v) denote {y). Note that 

Ii{Tk,X) = (P;^(u)), where is the trivial graph with k isolated vertices and u is a vertex of Tk- We 
also recall that Ij{G,X) = (0) for all j > |E(G)|. 

Lemrua 3.1. Let G be a signed multidigraph with n > 2 vertices and v G V{G). If k,j > 1 and 
m = min(A:, j — 1), then 

I,{dHG,v),X) = 

P^{v) ■ minorSj_m(a,T(G - v,X)), P^{v) ■ minorsj-m{L{G - v, X),h), Sj {G,v)^ 

for all 1 < j < n + k, where Sj{G, v) is equal to Pj{v) when j <k + 1, and equal to 
k k 

det(M) • Xyt + det( J(0, a'; M, b')) • En-- : J(x„a';M,b') G Mj_k{L{G,X)) 

t=0 t=0 s^t 


when j > k + 1. 
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The proof of this lemma is technical and very similar to those arguments given in the previous proofs. 
It is included in Section 3.4 at the end of this section. 

Remark 3.2. Note that Ij{G, X)\x^=o is equal to 

(minorsj(L(G — i;,X)),minorsj(a, L(G — u, X)), minorsj(L(G — u, X), b), minorsj(a, L(G — u,X),b)) 

and the i-th critical ideal X) of the graph with fc + 1 isolated vertices is equal to {P^{v)). 

Moreover, if m = min(A:,j — 1 ), then 

By [ 9 l Proposition 3 . 4 ] the j-th critical ideal of the disjoint union o/T^+i and G is equal to 

/,(Tfc+i U G, X) = ^ U Ii{Tk+i,X) ■ Ij_,{G, ^ ^ U X) ^ . 

That is, Ij{d^{G,v), X)\x„=o behaves almost equal as the j-th critical ideal of the disjoint union ofTk+i 
and G. 

In the next example we show how to use the description of Ij{d^{G,v),X)\x„=o- 

Example 3.3. Let Q 3 be the hypercube with ^(Qs) = The reader can check that 'jziQs) = 4:, 

'yzid{Q 3 ,V 8 )) = 5. Moreover 

h{d{Q3iV%)iX)\x^=Q = (Xgi •/6(Q3,X)|2,g=0)47(Q3,-^)U8=o)) 
where / 6 (Q 3 ) -^)a: 8 =o = X 2 — 3 x 7 , X 3 — xg, X 4 — X 7 , X 5 — X 7 , X 6 X 7 — 1) and 

l 7 {Q 3 ,X)\xa =0 = (X2X4X6 - X4X5X6 - X4X6X7 - X5X6X7 - X2 - X4 + 2X5 + 2X7, 

X2X3X5 - X3X4X5 - X3X4X7 - X3X5X7 - X 2 + 2X4 - + 2X7, 

X1X2X7 — X1X4X5 — X1X4X7 — X1X5X7 — X 2 + 2X4 + 2X5 ~ X7, 

X1X3X7 — X1X4X6 + X3X4X6 — X1X6X7 + Xi — 2X3 + Xq, 

X1X3X5 + X1X4X6 - X3X4X6 - X3X5X6 - 2 xi + X3 + Xg, 

XiX4X5Xg + XiX4XgX7 + XiX5XgX7 — X1X5 — XgXg — 2 x 4 Xg — 2X4X7 + 3 , 
X3X4X5Xg + X3X4XgX7 + X3X5X5X7 — 2X3X5 — 2x4Xg — X3X7 — XgX7 + 3 ). 

We now are ready to give a more accurate description of some critical ideals of d'‘^^{G,v). Given 
r, s > 0, let 

0 if r = s, 

1 otherwise. 


A(r,s) = 


As the next theorem shows, this constant plays the role of a regularity constant in the sense that 
the behavior of the critical ideals ^^+k{d^+\G,v),X) is regular. Moreover, A = 0 if and only if 
7p(G — v) = 'y-p{d{G,v)), that is, A indicates whether the removal of v or the duplication of v yields a 
change in the algebraic co-rank. 

Theorem 3.4. Let G be a signed multidigraph, v a vertex of G, 7 ^ = ')'p{d{G,v)), jy = 'yp{G — v) and 
A = A( 7 t,, 7 rf). If'jviG) > 2, then 0 < 7 ^ - 7 i, < 2 and 
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for all k > 1 and i >0. 

Proof. Since Ij{G, X)\x^=q C Ij_ 2 {G — v,X), by Lemma [2.41 we have that 0 < 7 ^ — 7 ^ < 2. Note 
that 7 rf — 'jv measures the number of steps in which the algebraic co-rank of the set of graphs {G — 
v,d^{G,v)k>o} stabilizes. The inequality 0 < 7 ^ — 7 „ < 2 says that this happens in at most two steps. 
Now, applying Lemma [ 3 T] with k = k + X + i and j = Jd P k, we get that X) is 

equal to 

• minors.,,+fc_^(a, L(G - v, X)), P!f+^+\v) • minors^,+fc_^(L(G -v,X), v)) . 

On the other hand, since 7 d—1 > A, m = min(/i:, j — 1 ) = min(A:+A+i, 'jd+k—l) = A:-|-min(A+i, 7 d—1) > 
k+X. Also, by Lemma [231 1.y^[G,X)\x^=Q = (1). Note that, if A = 0, then m = k,^y = 7 ^, I.y^{G—v, X) 
is trivial, and P^^{v) ■ I^^{G — v,X) = P^+*(u). 

Therefore, if we assume that A = 0, 

Otherwise (A = 1), taking I = k we get that P^^'^~^^{v) ■ I^^{G, X)\x^=o = and therefore 

/^,+fc(d"+*+"(G,i;),A) =/^,+fc(d"+*+HG,i;),X) = W •/^,+fc-z(G,X)U„=o}'^ J 

= ^{pf+*+"(u) • /,,+fc_KG, A)U„=o}'^^) . 

□ 


When k = 1, Theorem 13.41 can be reduced to the following simpler form 

(G, u),Ar) (x^o, x^i,..., (G, A)q), 

for all i > A, which is similar to Lemma 12.41 We recall that A = X{'y'p{G — v),^'p{d{G,v))). 
Remark 3.5. Given a fixed integer A: > A -|- 1, we have that Theorem |A'..!^| implies that 


I,,+,{d\G,v),X) = l^{pt{v) ■ /^,+,_KG, A)U„=o}'^^) , 


for all j such that 1 < j < k — X. That is, Theorem \ 3.f \ does not describe all the critical ideals of 
d^{G,v). 

In order to get a better understanding of Theorem 13.41 we present the following example. 

Example 3.6. Let G be the cycle (see Figurel^ with four vertices and sign a given by 


a{e) = 


-1 z/e = XiX4,X4X3, 
1 otherwise. 
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By using a computer algebra system, we ean verify that 7 = 7z(G') = 2, 7^,^ = 7z(G — fi) = 2 , and 
Id = l'&{d{G,vi)) = 2. Thus X{'y — Jvi, 7 d “ 7) = -^(0,0) = 0. Moreover, it can he checked that 
h{G,X) = {x2 + X4,xi - X3,X3X4 + 2) and h{G,X) = (X1X2X3X4 + X1X2 + X2X3 - X1X4 - X3X4 - 4). 



-^1^4 


Xl 

-1 

0 

1 



L{G,X) = 

-1 

0 

X 2 

-1 

-1 

3^3 

0 

-1 




-1 

0 

1 

X4 


- -- 

Figure 8 . A signed multidigraph G with four vertices and its generalized Laplacian matrix. 

Since l3{G,X)\x^=o = {2,X3,X2 + xf), Theorem \ 3 . 4 \ implies that 

h{d!'"^^{G,vi),X) = {Pl'^^{vi),h{G,X%^=o) = ({xp};+o,2,X3,X2 + X4) for all i > 0. 

Also, since I4 :{G,X)\x^=q = {X2X3 — X 3 X 4 — 4), by Theorem \ 3 . 4 \ 
h{d^+\G,v^),X) = {Pl+\v^),Pl+^{v^) ■ h{G,X%,^^,h{G,X%,^^) 

= {{xiix-^i'}o<i<v<i+2, {2X11 };+Q, (xiixalj+p, {xii(x2+X4)},io,X2X3-X3X4-4) for all i > 0. 
Finally, since Ij{G,X) = (0) for all j > 5, 

h+2{d’^+\G,v,),X) = (P^*(xi),P,^+{(xi) •/3(G,A)U,=o,Ffei*(xi) •/4 (G,A)U,.o) 

= {2,X3,X2+X4} • Pk-l{vi), (X2X3-X3X4-4) • P^+2('^i)) alli> 0 ,k> 1. 

Moreover, the reader can check that 

h{d{G,Vi),X) = (x^o(x 2 + X 4 ),Xil(x 2 + X 4 ),Xio(x 3 X 4 + 2 ),X 2 X 3 - X 3 X 4 - 4, 

X10X11X4 + 2xio + 2xii, X10X3 + X11X3 — XioXii) 

/ •^3(G',A)U=o,/4(G,A)U=o). 

That is. Theorem \ 3 . 4 \ cannot be improved. 

The diagonal entries of twin vertices in the Laplacian matrix of d^{G, v) are equal (twin vertices have 
the same degree). Therefore, an important case of the critical ideals of d^{G,v) is given by considering 
the same variable associated to duplicated vertices. In this case Theorem 1,4.41 reduces to the following 
form: If 7 'p(G) > 2 and Xy is the variable associated to the twins of v, then 

I^,+k{d'^+^+\G,v),X) = (^[ 

■ I^d+k—l 

for all /c > 1 and i > 0 . 

3.2. The critical ideals of the replication of vertices. We now give the description of the critical 
ideals of r^(G,v). This part is structured similarly to the part of the critical ideals of df{G,v). Given 
a subset S of the natural numbers and a vertex v G V{G), let 
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For convention Pq{v) = {!}. Also, for simplicity (u) will be denoted by Pi{v). Note that 

A) = {P^iy)) for all 1 < / < /c — 2, where is the complete graph with k vertices. We will 
use similar arguments to those used in the proof of Lemma 13.11 


Lemma 3.7. Let G be a signed multidigraph with n > 2 vertices, and v G V{G). If k,j > 1 and 
m = min(A:,j — 1 ), then 


I^{P{G,v),X) = 

Pm{v) • minorsj_m(a, L(G—n, A)), • minorsj_m(L(G—n, A), b), Sj 

for all 1 < j < n + k, where is equal to 


+1)-^ JJ(x^4+l) :0 <li< ■■■ <lj <k^ , 

S = 1 S = 1 t^S 

when j < k + 1, and equal to 

k k 

det((5) • JJ(x^t + l)+det(J(-l,a';Q,b'))^ JJ(xt,s + l) : J(x^, a'; Q, b') € Mj_k{L{G,X)) I , 


t=o 

when j > k + 1. 


t=0 s^t 


Since the proof of this lemma is technical and very similar to those arguments given in previous 
proofs, it was included at the end of this section. 

We now give a similar result to Theorem 13.41 for the replication of vertices. 

Theorem 3.8. Let G be a signed multidigraph, v € y{G), 7 = 'y-p{G), 7 ^ = 7 -p(r(G, u)), 7 ^ = 
77 >(G — v), and A = X{'yy,'yr)- If 7 then 0 < 7 ^ — 7 ^ < 2 and 

for all k >1 and i >0. 

The proof follows similar by arguments to those used in Theorem 13.41 

Proof. First, since Ij{G, X)\x„=-i C Ij_ 2 {G — v,X), Lemma [231 implies that 0 < 7 ,. — 7 ^ < 2. Now, 
applying Lemma [3771 with j = 7 r + k and fe = A: + A + iwe have that v),X) is equal to 

~fc+A+i(^) . A)U„=_i}™”', Pi+^+\v) • I^,.+k-m{G - V,X), 

• minors.,,+fc_™(a,L(G - u. A)), P^+^+*(i;) • minors.,,_fe_™(L(G - v,X),h),S^+^+\G,v)) , 

where m = min(fe + X + i,'yr + k — 1) = k + min(A + i, 7 ^ — 1) > k + X. 

By Lemma [2. 5 1 A)|a;^=_i = (1). The rest follows in a similar way to the proof of Theorem 13.41 

□ 


We now show an example in order to understand Theorem 13.81 
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L{G,X) 


Xl 

0 

0 

0 

0 

0 

-1 

3^2 

1 

0 

0 

0 

-1 

1 

X 3 

0 

0 

0 

-1 

0 

0 

X4 

-1 

-1 

-1 

0 

0 

-1 

3^5 

-1 

-1 

0 

0 

-1 

-1 

Xg 


Figure 9 . A graph G with six vertices and its generalized Laplacian matrix. 


Example 3.9. Let G be the signed multidigraph given in Figure{^ 

By using a computer algebra system, we have that 7 z(G) = 7 z(G' — ui) = 2 and 7 z(r(G', t>i)) = 3. 
Thus 7r — 7 = 1 and A(7 — “ 7) = 1- Also, it can be calculated that Ii{G, X)\x^=-i = (x 4 +1, X 5 + 

1,X6 + 1,X2X3 - 1), 


h{G, A)|a;i=_i = ((X4 + 1 ) • (X2X3 - 1 ), (X5 + 1 ) • (X2X3 - 1 ), {xq + 1 ) • (X2X3 - 1 ), X4X5X6 - X4 - X5 - X 6 - 2), 
and I^{G,X)\x^=-i = ((X2X3 — 1 ) • (X4X5X6 — X4 — X5 — xg — 2)). Then Theorem \ 3 X\ implies 
h{F+\G,vi),X) = ({xp+ l}o<z<i+2,/4(G',A)U=_i) 

= ({xp + l}o<Z<i+ 2 ,3^4 + 1, X 5 + 1, Xg + 1, X 2 X 3 - 1), 
for all i>0. Also l 5 {F~^^{G,vi),X) is equal to 

(xi! + l)(Xj^i' + l)}o</<i'<j+3 ; ^5{G, A)|a;j^=_i, {(Xj^i + 1) ' Ii{G, A) 

for all i>0. Finally, Ik+ 3 {r^~^‘^^^{G,vi), X) is equal to 

{p^+^+\vi),P^+l+\v,) ■ h{G,X)\,,^=.uPtt\vi) ■ h{G,X)\,^=_,,Pl:+^+Hvi) ■ /g(G, A)U„=_i) , 

for all k > 3 and i>0. On the other hand, it can be check that l 4 ^{r{G,vi),X) is equal to 

({(xp + l){xv - l)}o<i<l, 2 <i'< 3 , 3;4 + 1 ,X 5 + l,Xg + 1 ,X 2 X 3 - l,XiXil - 1), 

which is different from (xi + 1, x^i + 1, X 4 + 1, xg + 1, xg + 1, X 2 X 3 — 1). Thus Theorem \S.8\ can not he 
improved. 


Remark 3.10. Note that Ii{Kk+i,X) = {Plfi{v)) for all 1 <i < k, see P Theorem 3.16]. Moreover, 
if m = min(A:,j — 1), then 

/,(r"(G,x), A)U„=_i = . 

That is, Ij{d^{G,v), X)\x„=-i behaves almost equal to as Ij{Kk+i UG,X). 


In a similar way to Theorem 13.41 when we equal all the variables associated to the replicated vertices 
of V, we get that Theorem 13.81 takes the following form: If 770 (G) > 2 and x^ is the variable associated 
to all the twins of v, then 

for all A: > 1 and z > 0. 
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Examples 13.61 and 13.91 show that the results obtained in this article are tight. By using Theorems 13.41 
and 13.81 we can not determine all the critical ideals of the graph for some d G in terms 

of the critical ideals of G. However, there exist some special cases in which we can determine their 
critical ideals using very similar ideas. For instance, in the following subsection we present the case of 
a complete bipartite graph. 


3.3. Critical ideals of the complete bipartite graph. Given m > n > 1, let Kn^m be the complete 
bipartite graph with bipartition {U,V) such that U contains n vertices and V contains m vertices. If 
K 2 is the complete graph with two vertices vi and V 2 , then it is clear that Kn,m = Now, 

given 0 < j < n — 1, let 


^ I Er=i Us^r Xv- if j = n - 1, 
otherwise. 


Theorem 3.11. If m > n > 2, then 

f {Wr,n{'^i) ■ crs,m{v 2 ) ■ r + s = j - 2, (0,0) < (r, s) < (n-l,m- 1)}) if 2 < j <n + m-2 

Ij{Kn,m,X) = < (cr„_i,„(ri) • Crm_ 2 ,m('C 2 ),Cr„_ 2 ,n(l^l) (?;i) •P™r^(w 2 )}) if j = n + m - 1, 

l(n”=i ^1'' ■ - an-l,n{vi) ■ ajn-i,7n{v2)) if j = n + m. 


The results obtained here can be used to determine a big part of the critical ideals of the complete 
bipartite graph. Since Kn ,2 = dP'~‘^{K 2 , 2 ,Vi^) and 


I,{K2,2,X) = 


( 1 ) = 

(xi + Xii,X2 + X 21 , 3 : 1 X 2 ) if j = 3, 

(X 1 X 11 X 2 X 21 — X 1 X 2 — X 1 X 21 — X 11 X 2 — X 11 X 21 ) if j = 4, 


7v = 7z(Ki,2) = 2 = 7z(i^3,2) = Id- Thus A = 0, /3(if2,2,-^)U^ 1=0 = (xi,X 2 +X 2 l) and/4(if2,2,-^)U^i=0 
(xi • (x 2 + 3^21 ))• Applying Theorem 13.41 with k = j — 2, i = n — j > 0 we get that 

Ij{Kn,2,X) = l2+U-2)id^~^iK2,2,V,l),X) 

= (p;r2'(uii),pjr3'Ki) ■/3(ii:2,2,A)u^,=o,^’jr4'^ 

= ({(Tj_ 2 ,n(l^l) • O' 0 ,2(112), 0 'j- 3 ,n('yi) ' O'!,2(112)}) 

for all 3 < j < n + m — 2. In a similar way we can use the critical ideals of Kn ,2 to determine the 
first m critical ideals of Kn^m- That is, we can determine more than one half of the critical ideals of 
Xn,m- The remaining critical ideals can be determined using similar, but more specific techniques. In a 
more general setting Theorem 13.41 can be used to determine a part of the critical ideals of the complete 
multipartite graphs. 

Moreover, Theorems 13.41 and 13.81 can be improved in the special case when several vertices are 
duplicated and replicated simultaneously, which allows us to describe almost completely the critical 
ideals of complete multipartite graphs and threshold graphs. 


3.4. Proofs of Lemmas 13.11 and 13.71 

Proof of Lemma 13.11 The generalized Laplacian matrix L{d^{G,v), X) of df{G,v) is equal to 

J(diag(x^o, ...,x^0,a;T(G - u,X),b), 

for some a, b G . Let X,X' C [n + k] be two sets of size j, h = |Tn [A: + 1]|, h' = \X' n [A + 1]|, and 

mx,x' = dei{L{d\G,v),X)[X,X']). 









24 


CARLOS A. ALFARO, HUGO CORRALES, AND CARLOS E. VALENCIA 


Clearly 0 < /i, /i' < m + 1. h,h' = 0, then mx^x' € minorSj(-L(G — v, X)) and mx,x’ € — v, X). 

Now assume that h = 0. li h' > 2, then two columns of L{d^{G,v), X)[I,I'] are equal, and mx,x’ = 0. 
Also, if h' = 1, then mx;x' S minorsj(a, L(G — v,X)). We can use similar arguments when h' = 0. 
Thus, we assume that h,h' > 1. 

Now by Lemma 12.21 we have that 


(0 




det 


det 


P 1 

P 

1 


• det 


b' 

Q 


■ det 




Q 


,det(P) • det((5) — det( J(P, 1; 0, 1)) • det( J(0, a'; Q, b')) 


if \h — h'\ >2, 
if h — h' = 1, 

if h' — h = 1, 
if h = h', 


for some submatrix P of diag(x^o, ...,Xyk), some submatrix Q of L{G — v, X), and some subvectors a' 
of a and b' of b. Clearly, det [ P 1 ] 7^ 0 if and only if (up to row and column permutations) 

diag(x^ii,..., x^i^, ) 

0 


P = 


If h — h' = 1, then mx^x' £ P^/(u)-minorsj_/i'(L(G —u, Ai),b) C Pj^,(v)- Ij_hi{G, X)\x^=o, for all 1 < h' < 
m. Similarly, if h' - k = 1, then mx^x' € P^(u) • minorSj_/i(a, L(G - v,X)) C P^{v) ■ Ij-h{G,X)\x^=o, 
for all 1 < h < m. On the other hand, if h = h' we have the following cases: 

Case I: If P has at least two zero rows, then det(P) = 0, det(J(P, 1;0,1)) = 0, and mx^x' = 0. 

Case II: If P has only one zero row, then det(P) = 0, det( J(P, 1; 0,1)) = ^vh > and 

h-l 

mx,x' = ■ det(J(0,a';Q,b')), 

t=i 

for some {j — h + 1) y. {j — h + l)-submatrix J(0,a'; Q,b') of L{G^X)\x^=q. Thus € P^_i{v) ■ 

minorSj_fe+i(a, L(G - u,X),b) C P^_^{v) ■ Ij_h+i{G,X)\x^=Q, for all 2 < h < m - 1. 

Case III: If P has no zero row, then 

/nLi ^vH ■ det(Q) + ^vis ■ det(J( 0 , a'; Q, b')) if h < j, 

mx,x' = -f h ■ 

for some {j — h + 1) x {j — h + l)-submatrix J( 0 , a'; Q, b') of L{G, X)\x^=o, and for all 1 < h < m. 
Moreover, since 
h 

En- xis • det(J(0,a';Q,b')) G • minorSj_/j+i(a,L(G - u,X),b)) 

t=l S^t 

and n^Li ■det(Q) = ■det(J(0, a'; Q, b')) ^ {Ph{v)-m.inoT:Sj_h{L{G-v, X))) C 

Ph(v) • Ij-hiG, X)\x^=o for all 0 < h < m — 1 , we get the result. 


Proof of Lemma 13. 71 Let X,I' C [n + k] be two sets of size j, h = \Zr\[k + l] \ and h' = jP'ri [A: +1]|. 
Clearly 0 < /i, /i' < m + 1 and L{r^{G, v),X) = J{L{Kk+i,X),ai-, L{G — v, ^), b) for some a, b G 
Let mx,x' = det(L(r^(G,u), 
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We can use the same arguments used in the proof of Lemma l3.II for the case when /i = 0 or /i' = 0. 
On the other hand, by Lemma 12.21 


mx^X' = < 


0 


det [ P ] det 


b' 

Q 


p 

1 


det [ a'^ Q 


det 

det(P) det((5) — det 


■ p 1 ^ ■ 

det 

0 

b' ■ 

1 0 

/T 

a 

Q 


if \h — h'\ > 2 , 
if h — h' = 1, 

if h' — h = 1, 

if h = h' 


where P is a submatrix of L{Kk^i, X), Q is a submatrix of L{G — v, X), a' is a subvector of a and is a 
subvector of b. If h — h' = 1 then det [ P 1 ] 7 ^ 0 if and only if (up to row and column permutations) 


/ 


P = 


X.,i 


pH 


V -1 


-1 -1 \ 
-1 


X 

V h' 


for some ff <li < ■ ■ ■ <lh' < k. Since det [ p ] ~ ns=i(3^w+i)) mx,x' G P^/(u)-minorsj_/i'(P(G- 
u,W),b) C P^,(u)-/j_/j/(G,X)|a;„=_i. In a similar way, ifh'-h = l,thenmx,x/ € Pl^{v)-Ij_h{G, X)\x^=_i. 
Now assume that h = h'. If P has two rows equal to —1, then mx^x' = 0. Let 

( 


R = 


Xu 




-1 


V -1 


where 0 < li < ■ ■ ■ < Ih < k. If P has only a row equal to —1, then P is equal to (up to row and column 


permutations) R\x , =-i- Since det(P| 3 ; , =-i) = — + 1) det(J(P|a; , =_i,l; 0 , 1 )) = 

v^h v^h v^h 

~ ns=i 


h-l 


h-1 


TTXx^x' = (det( J(0, a'; Q, b')) — det((5)) n {Xyis Pl) — det(d(— 1 , a 5 ( 5 , b )) {^Xyis Pl), for all 1 P L P vn. 


S = 1 


S = 1 


Thus nix^x' € {P^_i{v) ■ Ij-h+i{G-,X)\x^=-i). Finally, if P has no row equal to —1, then P is equal 
to (up to row and column permutations) to R. Since det(P) = s=li^v‘i> P 1 ) “ Z]s=l P 1 ) 

(see [U Theorem 3.15]) and det(J(P, 1;0,1)) = — + 1); 

h h 

mx,x' = det((5) • Hk- +1 ) P (det(J(0, a'; Q, b')) - det((5)) • En(v.+i) 

5 = 1 5 = 1 t^S 

h h 

= det((5) • P 1) Pdet(J(-l,a';Q,b')) • En {x^it P 1), for all 1 < h < m. 

S = 1 S = 1 

Since det(Q)-nLi( 2 ^i;'-+l) = "iXT'-det( J(-l, a'; Q, b'))-ELi {Utj^si^vh P 1)) G Phiv)-Ij-hiG, X)\x, 

we get the result. 
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